Nowadays, the requirements of customers concerning a product are more and more tight and high. The satisfaction of these, such as quality, reliability, robustness and cost, plays an important role in the context of global and concurrent economy. However, a product, during its life cycle, passes through manufacturing and assembly stages where geometrical deviations are generated and accumulated. These deviations that obviously have an influence on the performances of the product are not considered. Thus, a model based on the small displacement torsor that allows to model the geometrical deviations of the product is proposed in this paper.
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Introduction
Due to the development of information technology, computers have now become a useful and effective tool to support product and process design engineering activities. Most of the product designers can easily create and manage a numerical model of the product by a variety of computer-aided tools, such as CAD/CAM, CAE, product data management and product life cycle management tools. The current computer-aided tools are actually effective to reduce the time to design and develop a new product. However, the numerical model of the product is a nominal representation of this product that does not take into account the variations generated all along the product life cycle such as geometrical deviations generated during the manufacturing and assembly stage of the product life cycle (see Figure 1 ). It can result in a designed product that does not fully meet the requirements of customers and users. Each part making up the product is manufactured from raw material at the manufacturing stage. The quality of machined surfaces is modified in many ways such as roughness, surface hardness, and geometrical deviation surface. The geometrical deviations are generated on each surface of the part and accumulated over the successive setup of the manufacturing process. The parts with deviations are then assembled at the assembly stage. The deviations of the surfaces of each part, generated at manufacturing stage, influence the assemblability of the product. Later, the dimension and the quality of the final product are also affected by the accumulation of these deviations in each station of the assembly stage. Therefore, the geometry of the product is different from the nominal one at the end of these two production stages. The real performance of the product is then different from the designed one (nominal performance). The risk is then that the designed product does not satisfy the requirements of customers and users. In this case, the product-process design has to be considered as unsuitable or at least not to be robust.
To predict this variation of performance, two important issues have to be considered:
• How to model geometrical deviations of a product generated during manufacturing stage and accumulated over assembly stage of its life cycle?
• How to manage the causes and consequences of geometrical deviations at the design stage?
Some answers exist today in the academic research for each stage of the product life cycle separately. To find out a complete answer, it is necessary to develop a model of geometrical deviations of the product that is consistent with all the stages of the product life cycle. It has to allow the simulation of generation and accumulation of these deviations during manufacturing and assembly stages of the product life cycle and the integration of these deviations into the simulations of the product behaviour. The goal is to predict the performances of the product taking into account the geometrical deviations of the product. This paper proposes a Geometrical Deviation Model (GDM) based on the Model Manufactured Part (MMP) (Vignat and Villeneuve, 2007) . This model focuses on collecting the deviations of surfaces of a product generated during the manufacturing stage and accumulated over assembly stages of its life cycle because these deviations play an important role to influence performance of the product in use stage. Thus, the geometrical deviations generated in the other stages of the life cycle are not considered. However, further studies on the subject will be launched based on this GDM model.
Literature reviews
Some models exist to estimate the geometrical deviations of the part/product generated by the manufacturing/assembly processes in the manufacturing/assembly stages of its life cycle. These models stand for only one stage, manufacturing or assembly, but some of them could be used for both stages.
Manufacturing stage
Many researches work about machining error sources and link between manufacturing parameters such as workpiece materials, tooling, machining, cutting speed and cutting feed, and resulting errors such as surface roughness, surface deviation and surface hardness have been done. Ramesh et al. (2000a Ramesh et al. ( , 2000b have studied the effect of cutting force and thermal effect on geometric deviation of the surfaces of the part. Thangavel and Selladurai (2008) have studied the influence of turning parameters, such as cutting speed, feed rate, depth of cut and tool nose radius on the surface roughness. The study was experimental and the mathematical model was obtained by using Response Surface Methodology (RSM). This model allows selecting quickly the process parameters to achieve the desired quality of machined surfaces. Sahoo et al. (2008) have studied the quality of milled surfaces affected by many parameters, such as spindle speed, depth of cut and feed rate and workpiece materials. They proposed a second-order mathematical models using RSM to allow the optimisation of the cutting condition to produce the best possible surface. Mohanasundararaju et al. (2008) worked on the quality of grinded surfaces and the influence of grinding parameters, such as wheel speed, work speed, traverse speed, in-feed, dress depth and dressing lead and developed a mathematical model for surface prediction. Ghasempoor et al. (2007) proposed a geometrical method to model surface finish in grinding. This model takes into account the stochastic nature of the grinding process and the kinematics of the chip generation. Given the grinding wheel specifications and cutting conditions, the model can produce the expected surface topography. The proposed model was evaluated by comparing the predictions with measured surface roughness obtained through grinding experiments. The results showed the predictions were consistent with the measurements, hence proving the effectiveness of the model. All these studies are experimental and deal with variations generated on one surface in one set-up. They have been done for the purpose of process optimisation and error compensation. However, it is not a main topic of this paper. We will only consider models that allow to model geometrical defects generated and accumulated over successive set-up. Zhou et al. (2003) proposed a state space model to describe the dimensional variation propagation of multistage machining processes. When the workpiece passes through multiple stages, machining errors at each stage will be accumulated and transformed onto the workpiece. Differential motion vector, a concept from the robotics field, is used in this model as the state vector to represent the geometrical deviation of the workpiece. This vector is used as a state vector x(k) to describe workpiece deviations at kth stage. These deviations are accumulated and transformed onto the workpiece by previous stages (1 … k -1) of the multistage machining process. The set of state vectors x(k) describe the workpiece deviations relative to nominal one resulting of the whole machining processes. This model provides a quantitative relationship between the fixture locator errors and the final workpiece geometrical error and has a great potential to be applied to fault diagnosis and process design evaluation for complicated machining processes. Villeneuve et al. (2001) proposed a method to perform 3D manufacturing tolerancing for mechanical parts. The GDM of the part, the part-holder and the machining operations of a set-up in the manufacturing process, is based on the concept of SDT. The SDT concept, coming from metrology (Bourdet et al., 1996) , has been used to model the variations coming from the positioning of the workpieces during the successive set-ups of the manufacturing process as well as from those due to the machining operations. Then, an MMP based on the SDT for simulating and storing the manufacturing defects in 3D has been developed by Vignat and Villeneuve (2007) . It allows collecting the deviations generated during a virtual manufacturing process. The defects generated by a machining process are considered to be the result of two independent phenomena: positioning and machining, and the deviations are accumulated over the successive set-ups. The positioning deviation is the deviation of the part relative to the machine. The deviations of the manufactured surface relative to their nominal position in the MMP are expressed by the parameters of SDT. Tichadou et al. (2005) proposed a graph representation of the manufacturing process. This graph allows to model the successive set-up based on the positioning surfaces, the machined surfaces This graph makes it possible to highlight the influential paths. They propose then two analysis methods. The first one uses an SDT model. The second one is based on the use of CAD software in which they model a manufacturing process with defects. They then virtually measure the realised part and check its conformity. Dantan et al. (2008) proposed a geometrical specification model for the product life cycle. This model uses GeoSpelling model to manage geometrical variations along the product life cycle. However, it is only used to allow a complete and coherent tolerancing process along a life cycle and not to describe the geometrical deviations generated by manufacturing and assembly processes during the manufacturing and assembly stage of the product life cycle.
Assembly stage
A product is made up of parts assembled by the way of connections. Each part has to pass through the manufacturing stage where the geometrical deviations are generated. The product has to then continue through the assembly stage. Assembly stage of the product life cycle is an essential one of its life cycle, and it obviously brings its share of deviations to the product. Several models of dimensional variation propagation in the assembly stage have been proposed. Ceglarek and Shi (1995) proposed a model of dimensional variation applied to sheet metal assembly. They apply their model to the automotive body assembly with the aim of making diagnosis and reducing the source of dimensional variability. Shiu et al. (1996) proposed a model of multi-station assembly process to diagnose automotive body dimensional deviations. This model is based on the design information coming from the CAD system and allows prediction of the system behaviour based on the in-line measurements of the final product. This model has only been applied to automotive sheet metal assembly. Hu and Stecke (2009) proposed a method based on the Stream of Variation (SoV) model to analyse the dimensional variation of the product during each station of assembly line and to compare different configurations (serial, parallel and hybrid line configuration) in the automotive body assembly. The variation in the final dimension is predicted by using worst case analysis, root sum squares, or Monte-Carlo simulation. This method also evaluates the productivity of the assembly line and its different configurations. Mantripragada and Whitney (1999) proposed a model for mechanical assembly using State Transition Model approach. Two types of assemblies are addressed in this model: Type-1 where the assembly process puts together parts that have their mating features fully defined by their respective manufacturing process prior to the final assembly and Type-2 where the process can incorporate in-process adjustments to redistribute variation. The total deviation in position and orientation is described by a 6 × 1 vector () . X k State transition equation is then used to express relations between two processes at kth assembly station:
where () : wk 6 × 1 vector describing the variation associated with the part being assembled at the kth assembly station, expressed in local part coordinates.
F(k): 6 × 6 matrix that transforms the variation associated with the incoming part at the kth assembly station from part k's coordinate frame to the base coordinate frame of the Data Flow Chain (DFC).
() : Uk 6 × 1 vector describing the property of the absorption zone modelling the contact between fixture and part.
Finally, all dimensional variations from successive assembly station are accumulated into vector () X k at the final assembly station. However, this model for the mechanical assembly only simulates the assembly process of perfect parts. The geometrical deviations generated during manufacturing stage of each part are not taken into account in this model. Huang et al. (2007) proposed a Stream-of-Variation Model for 3D rigid assemblies' dimensional variation propagation analysis in multi-station processes. This model is also based on State Space Model approach. The deviations accumulated at ith assembly station are described by a vector 1 () .
The state space model of a multistage assembly process is represented by equations (3).
is the fixture/part deviation contribution from station i,
Yi R × ∈ is the measurement obtained on station i, W(i), V(i) are mutually independent noise and A(i), B(i) and C(i) are transformation matrix. Thiebaut (2001) proposed a model to allow analysing the position variation of the part in the assembly based on the concept of SDT. The positioning variation of the part relative to its nominal position in the global coordinate system is expressed by equation (4).
where D(A/R) is the variation of part A relative to its nominal position in the global coordinate system. D(B/R) is the variation of part B relative to its initial nominal position in the global coordinate system.
E(A/S
A linear system of equations is created along all the connections between part A and part B. The positioning variation of part A is determined by the resolution of the linear system of equations with the Gauss-Pivot method.
The main principle of the models proposed by Mantripragada and Whitney (1999) , Huang et al. (2007) and Thiebaut (2001) is to model the variation of the part in each stage along the assembly process. However, they do not take into account the geometrical deviations of the surfaces of the parts linking to any parameters of the manufacturing process. Furthermore, the parameters of the SDT in MMP (Vignat and Villeneuve, 2007) link to the manufacturing process and can be measured as proposed by Tichadou et al. (2007) . That is the reason why we propose, in this paper, a model using the SDT to model geometrical deviations generated from the manufacturing stage and accumulated in the assembly stage.
GDM of product
Some models of geometrical deviations for manufacturing and assembly process simulation already exist and are presented above. However, these models are not consistent with the whole life cycle of the product. Thus, a model of geometrical deviations suitable with all stages of the product life cycle is necessary.
Small Displacement Torsors (SDT)
The concept of SDT was developed in the 1970s by Bourdet and Clement (1976) to solve the problem of fitting a model of geometrical surface with a cloud of points in three-dimensional metrology. This concept is based on rigid body motions. An SDT T at a point O in the Cartesian coordinate system OXYZ is described by rotational vector R and translational vector D, as shown in equation (5).
A surface deviation torsor is an SDT describing the deviation between an associated surface and a nominal one. The associated surface is an ideal surface associated to the real surface using a minimum distance criterion such as the least square. For example, the deviation torsor of the associated plane relative to its nominal position (see Figure 2 ) is described by the SDT T Surface at a point O in the local coordinate system OXYZ, as given in equation (6).
where rx, ry and tz are rotational and translational components regarding X, Y and Z axis, respectively. The plane, in this case, has three degrees of freedom, so three positioning deviations of the plane are invariant (i.e., cannot be measured due to the surface class) relative to their nominal position and their values are arbitrarily fixed. Thus, the 0 value is chosen to hide the notion of invariance. A link deviation torsor expresses a deviation of the relative position of two surfaces coming from different parts. This deviation is expressed compared with their nominal relative position. The link deviation torsor is associated to each couple of surfaces of a mechanism that build up a connection. It then only concerns two surfaces that belong to different parts. The components of the link deviation torsor are divided into determined components (lr, lt) and undetermined ones (Ulr, Ult). These components (Ulr, Ult) of the link deviation torsor express the relative mobility degrees of the two connected surfaces. In other words, they are the degrees of freedom of the connection. The components of a link deviation torsor of some elementary connections are expressed in Table 1 . A part deviation torsor is an SDT associated to each part. It describes the positioning deviation of the nominal part associated to the real part relative to its nominal position in the nominal assembly (see Figure 3 ). It expresses the assembly deviation due to part surfaces' deviations and gap among part surfaces.
The part deviation torsor expresses the position of the part in the 3D space and thus contains 6 parameters (3 rotations and 3 translations), as given in equation (7). To realise torsor operations (addition or subtraction), each torsor must be expressed at the same point and in the same coordinate system. Thus, it is necessary to transform the torsor from a point to another point or from a coordinate system to another coordinate system. 
Model of Manufactured Part (MMP)
The GDM for the manufacturing stage is based on the MMP (Vignat and Villeneuve, 2007) . It describes the geometrical deviations generated and accumulated for each surface of the manufactured part relative to its nominal position. The geometrical deviations of surface j of manufactured part i, manufactured in set-up Sj relative to its nominal position can be expressed by equation (8). ,, ,
, i j Sj P T is an SDT modelling the machining deviation of the machined surface j realised in set-up Sj. This deviation is expressed relative to the nominal machine. This torsor merges deviations of the surface swept by the tool and cutting local deformations.
is a part deviation torsor modelling the positioning deviation of workpiece i in set-up Sj. This deviation is function of the MMP surfaces deviation generated by the previous set-ups, the fixture surfaces' deviations and the links between fixture and part surfaces. This SDT is the result of the sum of the three mentioned deviations and is calculated by equation (9). , ,, , .
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, ii m P P T is a surface deviation torsor modelling the deviation of surface m of part i, which has been realised in previous set-up. 
The torsor , i Sj P T coming from equation (9) is equal to the torsor , i Sj P T coming from equation (11). The 'unification' method proposed by Villeneuve and Vignat (2005) allows to establish relations between the undetermined components (Ulr, Ult) and the determined ones (lr, lt). These relations are obtained by Gauss Pivot method. The elimination of the undetermined components is then realised by replacing them, using these relations, in the positioning deviation torsor , . i Sj P T Finally, the whole deviations generated and accumulated by the manufacturing process are collected in the MMP and the deviations of each surface j of the manufactured part i are expressed by SDT , .
ii j P P T The variation of the parameters of the MMP is limited and this limitation is managed by constraints. The constraints on the part-holder surfaces' deviations (CH) are relative to its quality (precision of its surface). The constraints on the machining deviations (CM) are relative to the machine capabilities.
The constraints on the links between part and part-holder surfaces (CHP) represent assembly rules. They are the constraints on the determined components (lr, lt) of the link deviation torsor. The constraints depend on the type of connection (floating or slipping). The first constraint to satisfy is non-penetration conditions. In other words, workpiece material must not penetrate fixture material.
In the case of slipping contact, it is necessary to bring the surfaces close to each other. To do that, a positioning function is defined. This function expresses the displacement of a point of the workpiece along a direction relevant to the contact. The function increases when the surfaces of the connection move closer.
For example, plane/plane connection, this positioning function expresses the displacement of a point of the workpiece along a direction that is normal to the plane and in a direction that brings the two planes closer.
Thus, for this kind of contact, the displacement function has to be maximised, respecting the non-penetration conditions between workpiece and part-holder (see Table 2 ). For floating contact, the determined components need only to comply with the non-penetration condition between the workpiece and the part-holder.
Model of Assembled Part (MAP)
Then the MMPs are assembled to make up the product with deviations. The assembly model is called MAP and is based on the gap torsor concept proposed by Bourdet et al. (1996) . The geometrical deviations of surface j of part i relative to the global coordinate system is expressed by equation (12). ,, ,
T is a surface deviation torsor modelling the deviations of surface j of part i relative to its nominal position in the local coordinate system of the part i, coming from the manufacturing stage. It has already been presented above as a component of MMP i.
is a part deviation torsor modelling the positioning deviations of part i relative to its nominal position in the global coordinate system of the product. It not only depends on the deviations of the surfaces of part i but also the links between the surfaces of part i and the surfaces of any other connected part k. The deviation of the concerned surfaces of part k and the position of part k is relative to the global coordinate system of the product. The torsor , i P P T is determined by equation (13) for an elementary connection between part i and part k. is a part deviation torsor modelling the positioning deviations of part k (a sub assembled part coming from the previous set-up of the assembly process) relative to its nominal position in the global coordinate system of the product.
The position of part i depends on several elementary connections with the part k and the other parts connected with part i. Thus, the positioning deviation for each elementary connection is expressed by equations (14) And, as far as the part is rigid and can have only one position, it is possible to write a linear system of equations (17).
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The resolution of this system by the gauss pivot method is similar to the resolution presented for MMP positioning. It is also called unification and eliminates the undetermined components of each link deviation torsor between the part i and the part k and the position of the part i
can be completely determined function of determined links and surfaces deviations parameters. Finally, the geometrical deviations of surface j of the part i in the global coordinate system can be calculated by the equation (12) .
In conclusion, the whole geometrical deviations of all surfaces of the product relative to their nominal positions in the global coordinate system will be collected by SDT , . The variation parameters of the SDT are limited by the manufacturing constraints (CH, CM, CHP) and assembly constraints (CA). The geometrical deviations of the product generated by the manufacturing and assembly processes during the manufacturing and assembly stages of its life cycle have been calculated and stored.
Case study

Centrifugal pump design
In this paper, a GDM for product life cycle engineering has been presented. To demonstrate this method, an example of centrifugal pump design is developed. The CAD model of the centrifugal pump is represented Figure 4 . 
Model Manufactured Part of the centrifugal pump
To manufacture the pump, a manufacturing process, an assembly process and the associated resources are proposed. As a result, the GDM of this centrifugal pump from manufacturing and assembly stages of its life cycle is generated by the method presented in Chapter 3.
For example, the shaft (part 4) of the pump is realised by a turning process on a lathe machine (see Figure 5 ), according to the process plan described in Table 3 . The geometrical deviations of each surface j of the shaft are expressed by the SDT 44 , . j PP T To calculate this torsor, it is necessary to determine the positioning deviation of workpiece in set-up 1 and 2.
For example, the positioning deviation of workpiece in set-up 1 is determined by the connection between the surface C 10 and the part-holder surface. It is expressed by equation (18) is a surface deviation torsor modelling the deviations of cylinder C 10 of the workpiece. It comes from previous set-up 0 where the rough part has been manufactured. It is described at the centre point O C10 of the cylinder C 10 in the local coordinate system X 4 Y 4 Z 4 of part 4 by equation (19). is a link deviation torsor modelling characteristic link between cylinder C 10 of the workpiece and the surface H 10 of the part-holder. It is expressed at the point O C10L in the local coordinate system X 4 Y 4 Z 4 by equation (21). The positioning deviation of workpiece in set-up 1 can similarly be calculated by another connection between the surface P 11 and the part-holder surface H 11 , as shown in equation (22) is a link deviation torsor modelling characteristic link between plane P 11 of the workpiece and the surface H 11 of the part-holder.
The positioning deviations of the part 4 in set-up S1 are modelled by the torsor 4 1, , SP T as given in the equation (18) and (22). Thus, it is possible to write a linear system of equations by transforming from the local coordinate system to the global coordinate systems of the shaft (O 4 X 4 Y 4 Z 4 ). It is described by equation (23) 
Equations (23a) modelling the positioning deviation of workpiece in set-up 1 is fully determined by equation (24) 
In this torsor, the parameters rx 4,1 , rx 4,8 , rx 4,10 , ry 4,1 , ry 4,8 , ry 4,10 , tz 4,1 , tz 4,9 and tz 4,11 represent the machining deviations of the surfaces (P 1 , P 9 , P 11 , C 8 , C 10 ) of the shaft and the parameters rx 4,10S1 , rx 4,8S2 , ry 4,10S1 , tx 4,10S1 , tx 4,8S2 , ty 4,10S1 , ty 4,8S2 , tz 4,11S1 and tz 4,9S2 represent the deviations of the fixture surfaces in set-up 1 and set-up 2. The parameters lrx 4,10S1 , lrx 4,8S2 , lry 4,10S1 , lry 4,8S2 , ltx 4,10S1 , ltx 4,8S2 , lty 4,10S1 , lty 4,8S2 , ltz 4,11S1 and ltz 4,9S2 represent the link between the fixture surfaces and the surfaces of workpiece in the set-up 1 and set-up 2.
Model of Assembled Part of centrifugal pump
The manufactured parts of the pump are then assembled according to the selected assembly process. The assembly graph is shown in Figure 6 . The geometrical deviations of all surfaces of the pump are described by the torsor in the MAP. For example, the deviations of surface 5 of the impeller (part 5) are calculated by equation (26). models the positioning deviation of the impeller relative to its nominal position in the global coordinate system of product (OXYZ). It is determined by the two connections between the part 4 (the shaft) and part 5 (the impeller). The first connection links the surface 4 of the part 4 and the surface 4 of the part 5. The second one is between the surface 5 of the part 4 and the surface 5 of the part 5 (see Figure 6 ). The part deviation torsor 5 , P P T is expressed by equations (27) based on two connections between part 4 and the part 2 (the ring). As shown in Figure 6 , the first connection is between the surface 6 of the part 2 and the surface 7 of the part 4. The second one is between the surface 2 of the part 2 and the surface 6 of the part 4. The part deviation torsor 2 , P P T is similarly determined by two connections between part 2 and the part 1 (the back casing) of the pump (see Figure 6 ). (, ) .
The part deviation torsor 1 , P P T models the positioning deviations of part 1 (casing back) of the pump relative to its nominal position in the global coordinate system of the pump. In this case, the global coordinate system of the pump is positioned on part 1. Thus, part deviation torsor 1 , P P T is equal zero. The part deviation torsor 2 , P P T is calculated and expressed by equation (29).
In this torsor, the parameters ltx 1,7 2,3 , lty 1,7 2,3 represent the link between the surface 7 of part 1 and the surfaces 3 of part 2 and lty 1,8 2,4 represents the link between the surface 8 of part 1 and the surfaces 4 of part 2.
In conclusion, the geometrical deviations of all surfaces of the pump relative to its nominal position in the global coordinate system can be modelled according to the selected manufacturing and assembly processes and the associated resources. Thus, the gap deviation torsor between the casing (part 3) and the impeller (part 5) of the pump (see Figure 7 ) can be calculated based on the GDM by equation (30) T is a surface deviation torsor modelling the geometrical deviations of the conic surface C 8 of the casing in the global coordinate system of the pump. 5 6 , P P T is a surface deviation torsor modelling the geometrical deviations of the conic surface C 6 of the impeller of the pump in the global coordinate system.
The torsor 35 86 , P P T is described by rotational vector R and translational vector D as shown in equation (5).
The deviation gap between the casing and the impeller of the pump is used to verify a non contact condition between the moving surface of the impeller and the motionless surface of the casing, as shown in equation (31).
where, n is a unit vector along normal direction of the gap.
Figure 6
Assembly graph of the pump (see online version for colours)
Figure 7
The gap between the casing and the impeller of the pump (see online version for colours) Moreover, this model is also used for analysing assemblability and performance of the pump, such as flow rate, velocity of fluid, pressure and non contact between moving and motionless surface.
Conclusion
Today, product designers work on a numerical model of the product within a CAx system. This model only represents nominal product information. For the real product, geometrical deviations are generated in each stage of its life cycle. They can make the designed product not to meet fully the requirements of the customers and the users. This paper proposes a model of geometrical deviations of all surfaces of the product consistent with the whole life cycle. During the manufacturing stage, these deviations of surfaces of the manufactured part generated and accumulated by the manufacturing processes are modelled by the MMP. These deviations accumulated once more during the assembly stage are collected in the MAP. With the proposed model, the product designer can determine the distribution of the geometrical variations of surfaces of the product by the way of Monte-Carlo simulation method. We can then verify the assemblability of the product and take the geometrical deviations of the product into account in the performance simulations. Thus, we can ensure that the product he is designing will have 'real' performances satisfying customers and users.
In future work, we will identify and classify the variation sources that have a strong influence on the performance of the product. This identification will be based on the results of the performance simulations. Further, we could contribute to calculate the variance of the performance of the product during its life cycle. It could lead to optimisation of the design to obtain a robust design.
